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ABSTRACT 

We construct the so-called theta vectors on noncommutative T 4 , which correspond to the 
theta functions on commutative tori with complex structures. Following the method of Di- 
eng and Schwarz, we first construct holomorphic connections and then find the functions 
satisfying the holomorphic conditions, the theta vectors. The holomorphic structure in the 
noncommutative T 4 case is given by a 2 x 2 complex matrix, and the consistency requires its 
off-diagonal elements to be the same. We also construct the tensor product of these functions 
satisfying the consistency requirement. 
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I. Introduction 



Classical theta functions have played an important role in the string loop calculation PUI2]- 
Recently, noncommutative geometry [3] became an important ingredient of string/M theory 
(for instance, see [3J) starting with the work of [3]. 

Along this direction, noncommutative torus E] and its varieties jSJ EJ UH1 \H\ and 
physics on noncommutative K 4 ^21 1131 E] have been studied intensively. However, noncom- 
mutative tori with complex structures have been rarely studied [Tot 1161 ITT] . Noncommutative 
geometry with complex structures has been also studied recently with algebraic geometry 
approach for Calabi-Yau three folds [TBI HH1 120] , and for K3 surfaces [2JJ • 

Classical theta functions can be regarded as state functions over commutative tori with 
complex structures. Noncommutative generalization of this has been initiated in mathemat- 
ics in the quantized theta function approach by Manin P2], and with the so-called theta 
vectors by Schwarz JH]- in the physics literature, this has appeared in the context of non- 
commutative solitons j22 1221 121] but mostly in the so-called integral torus case. Recently, 
Dieng and Schwarz ^JJ have computed the theta vectors and their tensor products on non- 
commutative T 2 explicitly without any restriction. 

In this paper, we follow the method of Dieng and Schwarz and calculate the theta vec- 
tors and their tensor products in the case of noncommutative T 4 . In section II, we construct 
modules on the noncommutative four torus. In section III, we deal with connections with 
complex structures. In section IV, we deal with tensor product of these modules. In section 
V, we conclude with discussion. 

II. Modules on noncommutative T 4 

In this section, we construct the modules on noncommutative T 4 following the method of 
RieffeljZj. 

Recall that T$ is the deformed algebra of the algebra of smooth functions on the torus 
T d with the deformation parameter 9, which is a real d x d anti-symmetric matrix. This 



2 



algebra is generated by operators Ui, ■ ■ ■ ,Ud obeying the following relations 
UiUj = e^^UjUi and U*U { = U { U* = 1, i,j = !,-■■ ,d. 



The above relations define the presentation of the involutive algebra 



a il ... id U?---U' d < \a = (a 



'U- "Id 



) G S(Z d )} 



where S(Z d ) is the Schwartz space of sequences with rapid decay. 

Every projective module over a smooth algebra Ag can be represented by a direct sum of 
modules of the form S(W x Z q x F), the linear space of Schwartz functions on W x Z q x F, 
where 2p + q = d and F is a finite abelian group. The module action is specified by operators 
on S(W P xZ'xF) and the commutation relation of these operators should be matched with 
that of elements in Ag. 

Recall that there is the dual action of the torus group T d on Ag which gives a Lie 
group homomorphism of T d into the group of automorphisms of Ag. Its infinitesimal form 
generates a homomorphism of Lie algebra L of T d into Lie algebra of derivations of Ag. Note 
that the Lie algebra L is abelian and is isomorphic to R d . Let 5 : L — > Der (Ag) be the 
homomorphism. For each IeL, S(X) := Sx is a derivation i.e., for u,v G 



Derivations corresponding to the generators {ei, • • • , e^} of L will be denoted by Si, • • • ,5a- 
For the generators C/j's of T e d , it has the following property 



If E is a projective ^-module, a connection V on E is a linear map from E to F ® L* such 
that for all X e L, 



S x (uv) = 5 x (u)v + uS x (v). 



(1) 



Si(Uj) = 2niSijUj. 



(2) 



v x (c«) = (v x e)« + ^(«), £G£,«e .4; 



(3) 



It is easy to see that 



[V^Uj] = 2m5 l3 U r 



(4) 
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We now consider the endomorphisms algebra of a module over Ag. Let A be a lattice in 
G = M x M, where M = W x Z q x F and M is its dual. Let $ be an embedding map such 
that A is the image of Z d under the map $. This determines a projective module which will 
be denoted by E\ [7]. The dual lattice of A can be defined as 

A ± ■= {( n ,i) G M x M | 0{{m, s), (n, *)) =< m, t > - < n, s >G Z, for all (m, s) G A}, (5) 

since in the Heisenberg representation the operators acting on Ex are defined by 

U( m , S) f(r) = e 2m<r > 5> f(r + m) (6) 

for / G Eaj r E M. Namely, the operators defined in the dual lattice, W( n ^ for (n,f) G A- 1 , 
commute with all the operators defined in the original lattice, U^g) for (m, s) G A. 

It is known that the algebra of endomorphisms on E\, denoted by End_A e (E\), is a C*- 
algebra obtained by C*-completion of the space spanned by operators Mr n> £\, (n, t) G A- 1 . The 
algebra End^i^) can be identified with a noncommutative torus A§, i.e., Ag is Morita 
equivalent to Ae7\. Recall that a C*-algebra A is said to be Morita equivalent to A' if 
A' = End^-E) for some finite projective module E. In general, a noncommutative torus 
A§ is Morita equivalent to Aq if 9 and 9 are related by 9 = {AO + B){C0 + D)^ 1 , where 

A c B \ g so(d,d|z) ca. 

In this paper, we consider a projective module of the form S{W x Z 9 ) ® 5(F) with 
p = 2, q = 0. 

For the real part, we choose our embedding map as 



inf 



/0i + ^ 0\ 

1 mi 

o e 2 + - o 

10 

V o o o 1/ 



= (^«): ( 7 ) 



then using the previous expression for the Heisenberg representation with s\, S2 G 1 
(Vi/)(si, s a ) = (V ei /)(s 1 , s 2 ) := ex.p{2ni{s 1 x 3i + 8 2 x 4i ))f{s 1 + x u , s 2 + x 2i ), 
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we get 

(V 1 f)(s 1 ,s 2 ) = f(s 1 + d 1 + ^-,s 2 ), 

(V 2 f)(s 1: s 2 ) = exp(27risi)/(si, s 2 ), 

(V 3 f)(s 1 ,s 2 ) = f(s 1 ,s 2 + e 2 + ^), 

m 2 

(Vif)(s u s 2 ) = exp(2nis 2 )f(s 1 , s 2 ). 

For the finite part, let F = Z mi x Z m2 , where Z mi = Z/m^Z, (i = 1, 2) and consider the 
space C mi ®C m2 as the space of functions on C(Z mi x Z m2 ). For all m ; G Z and G Z/m^Z 
such that mj and are relatively prime. We define the operators Wi on C(Z mi x Z m2 ) 
corresponding to our embedding map 

/-l \ 
0-10 



fin 



0^00 

mi 

V o o o ^/ 

* ni2 ' 



(8) 



with ki G Z mi (i = 1,2) as follows 



(W 1 f)(k 1 ,k 2 ) = f(k 1 -l,k 2 ), 

(W 2 f)(h, k 2 ) = exp(2 7 r^)/(A; 1 , fc 2 ), 

mi 

(W 3 f)(k 1 ,k 2 ) = f(k 1 ,k 2 -1), 

(WJXkuh) = ex V (27it^)f(k 1 ,k 2 ). 

m 2 

Thus, we define operators Ui = Vi®Wi acting on the space E T := <S(R 2 ) <g> C mi <g> C m ' 2 as 
(Uif)(s!, s 2 , ki, k 2 ) = /(si + 6>i H , s 2 , fci - 1, fc 2 ), 

s 2 , fci, fo) = e 2m(ai+ "^ 1) /(si> s 2, fci, A; 2 ), 
(U 3 f)(si, s 2 , ki, k 2 ) = /(si, s 2 + 6> 2 + — , fci, fc 2 - 1), 

(E/4/)(si, s 2 , fci, fc 2 ) = e 2m(s2+ ^V(si, s 2 , fci, fc 2 ). (9) 
One can now see that they satisfy 

U 2 U 1 = e™ h -U 1 U 2 , 

U 4 U 3 = e 2ni62 U 3 U 4 , (10) 
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/o 





1 


o\ 











1 


-1 











\o 


-1 





0/ 



J 



Hence, we obtain the relation between the two embedding maps 

# = - j$-*z. 



Using the above relation, the dual map for the real part is now given by 

n n n 





1 



\ o o 









1 

mi 





1 



171202 +n2 



0/ 



and the finite part is given by 





-ax 





\ 











-a 2 


1 











mi 








\o 





1 

m2 


o / 



(11) 



and otherwise UiUj = UjUi. 

In order to find operators which commute with the C/j's, we recall the definition of the 
dual lattice A- 1 : 



< m,i > — < n, s >E Z, for all (m, s) G A and (n, t) G A J 
If we express the embedding map $ as 

$ 

and the embedding map \I/ for the dual lattice as 

* = 

then the duality condition above can be written as 

< m, i > - < n, s >= $* G Z 

where 



n 
i 



(12) 



(13) 



(14) 



(15) 



(16) 
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Here, a\ € Z and a^nj — 5jmj = 1 for some hi 6 Z (z = 1, 2). 

The generators of operators corresponding to the embedding map for the dual lattice are 
thus defined by 

(Z 1 f)(s 1 , s 2 , fci, fc 2 ) = e 27ri(m i9i+»i + ^V(si, s 2 , fci, fc 2 ), 

(Z 2 f){s 1 , s 2 , h, k 2 ) = f(si + — , s 2 , fci - ai, fc 2 ), 

mi 

(Z 3 /)(si, s 2 , fci, fc 2 ) = e 27r4( ™2«2+"2 + ^ ) /( Sl , s 2) fci, fc 2 ), 

(Z 4 /)(si, s 2 , fci, fc 2 ) = /(si, s 2 + — , fci, fc 2 - a 2 ). (17) 

m 2 



Here, 



Z X Z 2 = e 2 ^Z 2 Z h 



Z 3 Z 4 = e 2 ^Z A Z 3 



where 



and otherwise ZiZj = ZjZi. One can check that the Z^s commute with the U^s, i.e., 



UiZj — ZjUi. 



III. Connections with complex structures 

In the previous section, connections on a projective .Ag-module satisfies the condition (j3J) 

\Vi,Uj] = 2-KibijUj. 

A connection V, is called a constant curvature connection if [Vj, Vj] = zi^j for constants F^. 
This condition is satisfied if Vi is expressed as V» = 3j — \F%jSj where 9j is a derivative with 
respect to Sj. Note that the condition (jlj) can be regarded as a compactification condition. 
This can be seen by considering an operator Xi = — Vj with which the condition is expressed 
as 

U j X i Ur 1 = X i + 2m5 ij , (20) 
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and this relation is comparable to a compactification with radius Ri, UjXiUj = Xi+2ir8ijRi. 
We thus let 

(X i f)(s 1 , s 2 , h, k 2 ) = 2mA a s 1 f(s 1 , s 2 , h, k 2 ) + 2niA i2 s 2 f(s 1 , s 2 , k lt k 2 ) 

df(s 1 ,s 2 ,k 1 ,k 2 ) df(s 1 ,s 2 ,k 1 ,k 2 ) 



A 



A 



OSi OS 2 

where A^ e R are constants. If we denote the embedding maps as $j n f = (xij) and $fi n 
(l/ij), then C/j action is expressed as 

(Uif)( Sl , s 2 , h, k 2 ) = e 2 ™^+ s ^+ k ^+ k ^f{ Sl + x u , s 2 + x 2l , h + y u , k 2 + y 2i ). 

The condition (l20l) is satisfied if 



(21) 



and 



(22) 



The embedding maps (J2J), (jHJ) satisfy the condition (j2*Tj). and the condition (J22j) gives 

/W*r o\ 



(A 



iki 
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02 + ^- 

m 2 







V 



1 



Therefore the following operators specify a constant curvature connection of right T e 4 -module 
En,m'- 

2ms\ 



V 2 

v 3 
v 4 



9 1 + ^' 

1 mi 

_d_ 

dsi ' 
2nis 2 

~e 2 + ^ 

_d_ 

ds 2 



111-2 



(23) 



In general, a constant curvature connection can be obtained by adding some constants: 
Vj — > Vj + di, i — 1, • • • , 4, where dj e 1R are constants. 
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A complex structure on the module En,m can be introduced by fixing (^-connection 

Vi = A n Vi + A 12 V 2 + A 13 V 3 + A 14 V 4 , 
V 2 = A21V1 + A22V2 + A23V3 + A24V4, 

where Ay G C. Choosing an appropriate basis such that (Ay) becomes 

Tn 1 r 12 0\ _ / A12 A14 \ / An A12 A13 A14 

, r 2i r 2 2 1 / V A22 A24 / V A21 A22 A23 A24 , 

the , 2 x 2 ) matrix ( V " M , % e C _ tS the eo mpl e X _e of end 
yT 2 i r 22 y 

1-1 corresponds to the complex structure on Tq via (^-derivative, 8{ = ■ Ay5j where 5j is 
defined by © HH- 

Now we consider holomorphic vectors in T^-module. A vector G E^,m is called holo- 
morphic ^B] if it satisfies 

(Vi-Ci)e = for z= 1,2, (24) 

where q G C are constants. The above holomorphic condition for / G E^,m now takes the 
form 

, 2-kitii 2niri2 . 9/ 

~ Sl+ fl 1 »2 g 2 + Cl)/ 



1 mi * m,2 x 



97T^ Sl + evrF S2 + C2)/ = ^ (25) 



mi " m.2 



In order for the two equations in (|23j) to be consistent Ty should satisfy 

T\2 721 



(26) 



02 + ^ 01 + ^ 

If i?e£7 < 0, Eq. (j25|) has mi x m2 linearly independent solutions, the so-called theta vectors 
[HUE! on noncommutative T 4 , 

/(ai,« 2 )(si, s 2} h, k 2 ) = exp^SftlS + C t S}5 k a \5 k a \ (27) 
where C= I Cl ) , S 1 = [ Sl \ , a G C, Si G R, A* G Z mi (z = 1, 2), and = ( ^ " 2+ ^ 



27rrT2i 27r»T22 

- 1 - »ui ^ rri'2 
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IV. Tensor product 



In this section we consider a tensor product of two bimodules. Tensor product of a (C, Y)- 
bimodule E and a (Y, D)-bimodule E' over Y results in a (C, D)-bimodule F for algebras 
C,Y,D- 

C E Y ® yE' D = C F D 

where the tensor product over Y is obtained by identifying ey <S> e' ~ e <S> ye' for y G Y, e G 
e' G Note that in this identification, E behaves as a right Y-module and E' behaves 
as a left Y-module. Thus, we will denote E N)M as a right T$ -module and E' KL as a left 
T^-module. Here, we recall that T~ is Morita equivalent to Tq if 9 and 9 are related by 

= {AO + B)(M0 + N)~ l where ^ ^ ^ J G SO(4,4|Z), and T| = End^(S) for some 
finite projective module i?. In this notation, a right module £?jv,m is identified with a left 
module E' A M . Let us calculate the tensor product En,m <S>t 4 which forms a vector 
space S(M x Z^ 1 | 1+mi fc 1 x Z n2 i 2+m2k . 2 ) , when each N,M,K,L is reducible into two blocks 
represented by the values N ~ (ni,n 2 ), M ~ (mi,m 2 ), K ~ (ki,k 2 ), L ~ (/i,/ 2 ) [26J. For 
f(si,s 2 ,/ix,fa) G £W,m, an d y(ti, *2, fi, v-i) e £# jL where s^t; G E, //, G Z mi , i/» G Z Zj (z = 
1, 2) the actions of C/j G and Z$ G T| are given as follows. 
The right Ui actions on E N>M are defined as 

(U l f)(s l} s 2 ,fii,fi 2 ) = f(si + 9 1 -\ ,s 2 ,/ii - l,/i 2 ), 

mi 

(U 2 f)(sx, 8 2 , fix, fa) = e 2m{si+ ^ L) f(sx,s 2 ,iJ l x,fa), 
(U 3 f)(sx,s 2 ,nx,fa) = f(sx,s 2 + 9 2 + — ,nx,fa-l), 

(UJ)(sx, s 2 , fix, fa) = e m{S2+ ^ ] f(sx,s 2 ,vx,fa)- (28) 
The left U actions on E' K L are defined as 

(Uxg)(tx,t 2} vx,v 2 ) = g(t 1 -9x + —,t 2 ,vi-l,v 2 ), 

h 

(U 2 g)(tx,t 2 ,vx,v 2 ) = e 2 ™ {tl+ ~h L) g{tx,t 2 ,Vx,v 2 ), 

k 

{U^g){t u t 2 ,Px,P 2 ) = g(t 1 ,t 2 -02 + - j l 1 ux,U2-i), 

h 

(U 4 g)(t u t 2 ,u l7 u 2 ) = e^+^gih^vx,^). (29) 
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The left Zj actions on E^,m are defined as 

(Zif)(si, s 2 , m, (Mi) = e 27 " ( "W+»i + ^ ) /0i, s 2 , Mi, 

(Z 2 /)(si,s 2 ,//i,/i 2 ) = /(si H ,S2,Hi-ax,fi 2 ), 

mi 

(Z 3 f)(si, 8 2 , m, 1*2) = e 2m{m 2e2+n 2 + ^f(s l7 8 2 , Mi, M2), 

(Z 4 /)(si,S2,/Ui,/i2) = /(si,s 2 H ,Mi,A*2 - a 2 ), (30) 

m 2 

where a« G Z and a^rii — &j77ij = 1 for some fej G Z (i = 1, 2). 

Following [T7] , we define the tensor product f ® g = h E E N ^ M ® T 4 as 

,/ . . n ,„ r\ \ 1 ni + Zi(ni + mi^i) . 
h{r u r 2 ,ji,j2) = y^/_^ /(K + Wi^ijri + gi ? — — — ji, 



, n ti 2 + m 2 6 l 2 ^2(^2 + ^2^2) 

(n 2 + m20 2 )r 2 H ^2 7 — ;— r~\^»> -?i + a Ui, -?2 + «2j2j 

m 2 m 2 {n 2 l2 + m2k 2 ) 

ki- l x Q x ki - l x d x . 

■g((ni + mi^ijri q x + — — r ji, 

li n x li + niiki 

1 . /c 2 — ^2^2 ^2 — ^2^2 

(n 2 + m 2 9 2 )r 2 g 2 H :— ; r-j'2, 9i, 92) (31) 

< 2 n 2 £ 2 + W2«2 

for rj G R, jj G Z (z = 1, 2). Then, one can check that 

{Uif)®g~f®(Ui)g, 
(^-(Z,/)®^ 

+ ^ + = h( r hit) 

for 2 = 1,2. Notice that in the above calculation Z^s act on ft, as left actions, since h is 
regarded here as an element of a left module E' . So far, we have only defined the left actions 
of Zi on a right module E. Thus, we define left Z{ actions on a left module E' as 

(Zig) = (U 2 g), 
(Z 2 g) = (U l9 ), 
(Z 3 g) = (U 4 g), 
(Z^ = (U 3 g), 

where Uig are defined in (J2HJ). 
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If En,m is a right module expression of (T~, Tq )-bimodule and E' K L is a left module 
expression of (Tg, T^,)-bimodule, then one can also show that h belongs to E' AK+BL NL+MK {0) 
where 9 = (A9 + B)(M6 + N)' 1 and 9 = (K& + D)(L9' + C)- 1 with CK - DL ~ 1, A/V - 
~ 1, when each A, 5, M, iV, K, D, L, C is reducible into 2 blocks in the sense that we 
described earlier. 

Let us consider the tensor product (}3~T]) between the two theta vectors, / G E NjM and 

f {aua2) (s u s 2 , f x 1 , f x 2 )=ex V [^S t nS + C t S]S^Xl 
gVh,fh)(ti, h, v u u 2 ) = exp^m'T + C' t T]6;\6'g, (32) 

where C = (M , C = l^V S= ("A, T= f* 1 J , c^GC, ^^Gl, ft eZ m! , 



'i); s 


-C 




27T*Tll 


27T2T12 


#1 + ^ 


02 + ^- 

m 2 


27T , ir2i 






z/; G Zj. (i = 1, 2), Q = , m ' I m * and 

V eTT^ 02+^ / 

\ " l l m 2 / 

The resulting function now takes the form 

■exp(±A /t n'A' + C' t A')6l\2 
where n G E, j { G Z nik+miki (z = 1, 2) and 

t = + ^^)ri + - J; ( K^ ; 

(n 2 + m 2 £ 2 )r 2 + _ ^g±^i 2 , 



+ ™^)r 2 - ^g 2 + 

From the delta function relations, we rewrite qi as = pi + Mj !2 ^ i , ttj G Z (i = 1, 2) for some 
integers Pi where = g.c.d.(mj, Zj). Then, Zi can be written as 

+ -(A' + uyn'(A' + W) + c'V + c'U'), 

2 
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where 



A 



({n x + m x 9 x )r x + r^ Vl - J^t^V 'A 

^(n 2 + m 2 S 2 )r 2 + - J^wV V 



K {n 2 + m 2 £ 2 )r 2 - ^p 2 + ^fej 2 , 

/ (ni+mi6>i)h \ / (fei-ii^i)mi 

7/ _ I 1 1 7/ ' 1 

W - (n 2 +m 2 2 )Z 2 „, ' " 



(fc 2 — £ 2 2 )to 2 r 



\ U 2 \—- U 2 

This can be decomposed into two parts, including the classical theta function, 

h = #(T,Z)£(r x ,r 2 ,j x ,j 2 ). (33) 
Here, the classical theta function $ is given by 

0(T,Z)= ^ exp(7ri[/*T[/ + 27riZ*[/), 

where 

17 
Z 




B x O xx B x + B' x O' ll B' 1 B x 12 B 2 + B' x O' X2 B' 2 
B 2 2X B x + B' 2 0' 21 B\ B 2 22 B 2 + B' 2 0' 22 B\ 

' BxOnAx + Si0 12 ^ 2 + S'i^'h^'i + B'xO'ia^A J_ ( c x B x + c'^'x 
. B 2 Q 2X A X + S 2 C 22 ^ 2 + B' 2 0' 2X A\ + £' 2 0' 22 .4' 2 j 2« 1 c 2 /3 2 + c ' 2 /3' 2 



/ (ni+mi0i)h \ /»/ \ / (fci-iigQmi X 



and the function £ is given by 




\ / \ *-> 2 / \ / 



Z(r x ,r 2 ,j x ,j 2 ) = exp(^A t OA+^A' t tfA' + CU+C'U')- 

Requiring that -E^m and E' K L have the same complex structure for consistency of the 
tensor product, i.e., (r^) = (t7), and the consistency condition (pjj) the resulting function 
/i becomes 

(ri,r 2 ,ji,j 2 ) = ^ c% ',q, , gl .a, y>7! ,72 ( r i » r 2 , ji , h ) ■ (34) 

7i>72 

Here, the function <^ 71i72 is given by 

^ 7l , 72 (n,r 2 , jx, j 2 ) = e X p(7n J R t <5 J R+ (C + C")^)**^ 
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(\ / rn(ni+miei)(ni^i+mifci) Ti 2 (ni+TOiei)(n 2 Z 2 +m 2 fc 2 ) \ // a n n 

r U n — I (fci-JiOi) (fca-Jafla) 1 p _ ( ^ + ™\V\Fi 

_ ' r 2 i(n 2 +m 2 e 2 )(n 1 ; 1 +m 1 fc 1 ) r22 (n 2+m2 e 2 )(n 2 Z 2 +m 2 fc 2 ) ' ~ / fl x 

r V V W^hfi2) / \{n 2 + m 2 & 2 )r 2/ 

and the constants c^ 1 '^ 2 fl B are given by 



where 



with 



and 



with 



- n _|_ t n — r n^ji ngjgjg \ _ / mji+mifci „ _ 

0= I ' 11 ^ 1_r ' 12 ^ 2 nili+miti n 2 h+m 2 k2 \ P=\ hmi ^1 

L r 2 iPi + r 22 p 2 - / ' I ^f±^% 2 - 

, <s±.rx z,t,t-z, m<i+mirei n 2 / 2 +m 2 A; 2 / \ Z 2 m 2 ^ z 

' ni+migi _ /i(ni+mi6>i) ■ \ / fcl _; lg fcj-hgi 

M = I mi mi(niii+mifci)-' 1 1 r _ f h " l ' nih+miki 

' ' " 1 n 2 +m 2 6> 2 _ / 2 (n 2 +m 2 2 ) ■ I ' ^ I fc 2 -l 2 6> 2 , fc 2 -Z 2 fe „• 

m 2 " 2 m 2 (n 2 Z 2 +m 2 fc 2 )-' 2 / \ 2 2 ^ 2 n 2 i 2 +m 2 fc 2 -' 2 



0(S,A) = ^ exp(7rzt/*Sf/ + 27riA*f/), 

Ul,li 2 GZ 





t rn(niii+mifci)^imi ri 2 (ni/i+mifci)/ 2 m 2 ' 
r 2 i(n 2 Z 2 +m 2 fe^imi t 22 (n 2 £ 2 +m. 2 fc 2 )£ 2 m 2 

A = ( + " hji) + (fern + m 1 A; 1 )(p 2 - T^^r 2 , 

\^(hn 2 + m 2 k 2 )( Pl - I7 ^-) + f ((/ 2 n 2 + m 2 A; 2 )p 2 - ^ 

1 U+^'j 
2ttz \ c 2 B 2 + c' 2 i3' 2/ 

where q, c-, Bj, £>^ are the same as given before. 

Notice that the function ^ 7lj72 (r!, r 2 , j 1; j 2 ) is a theta vector (J32*)l belongs to £" ak+bl,nl+mk{9) 
with = ^fjn| as we expected. 



V. Discussion 

In this paper, we first construct a module on noncommutative T 4 and its dual. Then we 
define the complex structure on this module and construct the theta vector which is a 
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solution for a holomorphic connection. We then consider the tensor product of the theta 
vectors satisfying the consistency requirement. 

Here, we want to notice what has not been apparent in the noncommutative T 2 case |17j . 
When we require the holomorphic condition (|24jl . the symmetry appears not in the complex 
structure itself but in the f2-matrix which appears in the theta vector (|27j) . i.e., = f^i 
instead of Tyi = T21 i n the commutative 4-torus case. We consider that this difference comes 
from noncommutativity. 

As in the noncommutative T 2 case, the tensor products of modules on the noncom- 
mutative 4-torus with complex structures become very restrictive in order to satisfy the 
consistency requirement. We consider this consistency requirement as another aspect of 
noncommutativity compared with the commutative case in which there is no restriction. 

So far, theta functions on noncommutative tori have not been utilized in the physics 
literature except for the integral torus case |2*2*| ESI 121]- With the theta functions on non- 
commutative tori without any restriction, one can hope to explore the physical states on 
noncommutative tori in more general cases. 
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